Among the simple Lie algebras, D 4 is distinguished as the unique one whose group of outerautomorphisms is bigger than Z 2 . We study the compactifications of the D 4 (2,0) Theory on a punctured Riemann surface, C, with outer-automorphism twists around cycles of C lying in Z 3 ⊂ Aut(D 4 ) = S 3 . The resulting 4D N = 2 SCFTs have a number of new and interesting properties. As byproduct, we discover a new rank-1 N = 2 SCFT with flavour symmetry group SU (4).
Introduction
In recent years, remarkable progress has been made in the study of 4D N = 2 superconformal field theories by realizing them as partially-twisted compactifications of 6D (2, 0) theories of type j = A, D, E on a punctured Riemann surface, C [1] [2] [3] [4] [5] [6] [7] . In addition to ordinary N = 2 gauge theories, this class of theories (sometimes called "class S") contains many strongly-interacting SCFTs, with no known Lagrangian description. An even larger class of theories can be constructed by allowing twists, along nontrivial cycles of C, by the action of the outer-automorphism group of j [8, 9] . Doing so introduces a new class of ("twisted") punctures, labeled by a nilpotent orbit in g, the Langlands-dual of the invariant subalgebra, g ∨ ⊂ j. It also introduces new ("twisted") cylinders, with gauge groups, H ⊂ G. In [10] [11] [12] [13] [14] , we studied the Z 2 -twisted versions of these theories. Among the surprising features of the twisted case is that not all boundaries of the moduli space of punctured curves correspond to weakly-coupled gauge theories. Rather, the gauge theory moduli space is, in general, a branched cover of M g,n , branched over the boundary, and certain components of the boundary of M g,n correspond to strongly-coupled gauge theories (i.e., interior points in the gauge theory moduli space).
In the present work we turn to the Z 3 -twisted D 4 theory. D 4 is the unique case where the group of outer automorphisms is bigger than Z 2 : the full outer-automorphism group is S 3 . We studied the Z 2 -twisted theory in [11] . For reasons explained in §2, studying the full nonabelian group of twists is too ambitious for the present work, so we content ourselves with the other abelian subgroup, Z 3 ⊂ S 3 .
Perhaps the most interesting byproduct of this work is the construction of a new isolated rank-1 N = 2 SCFT, in §5. The theory has global symmetry SU (4) 14 , and a 1-dimensional Coulomb branch parameterized by u, where ∆(u) = 6.
Twists: Abelian and non-Abelian
The outer automorphism groups of the ADE Lie algebras are Z 2 for J = A N −1 , D N >4 and E 6 . But, for J = D 4 , the group of outer automorphisms is the nonabelian group S 3 .
When compactifying the (2, 0) theory of type J on C, we can twist the compactification by an element of Hom(π 1 (C), Aut(J)). When Aut(J) is abelian, the homomorphism factors through H 1 (C) and so the possible twists are classified by Hom(H 1 (C), Z 2 ) = H 1 (C, Z 2 ). Our tinkertoy program has been based on chopping C up into simple pieces (3-punctured spheres and cylinders) and classifying the possible theories corresponding to the pieces. This works well, even in the Z 2 -twisted case, essentially because there is a Mayer-Vietoris principle for H 1 (•, Z 2 ): one can understand the twisted theories on C by understanding the twists of the component pieces of C. This is no longer true in nonabelian case. There is no Mayer-Vietoris principle for Hom(π 1 (C), S 3 ), and this makes our classification strategy ineffective.
A simple example of the problem will suffice. We can form a genus-2 surface by gluing together two once-punctured tori along a circle S. The twist γ around this (homologically trivial, but homotopically nontrivial) cycle must be trivial in the abelian case but can be nontrivial in the nonabelian case. (For S 3 , you can prove that γ has order-3.)
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But now think about constructing those once-punctured tori by taking a 3-punctured sphere and gluing two of the punctures together.
You might think that, if you want to sew them together, the twists around the two punctures must be inverses of each other (ie γ 1 and (γ 1 ) −1 ). And you would be correct. You might also think that, on an unsewn 3-punctured sphere, if two of the twists are γ 1 and (γ 1 ) −1 , then the 3rd twist must be trivial. Again, you would be correct. However, as soon as you connect the two punctures, you introduce a new cycle and the corresponding twist (γ 2 ). Because S 3 is non-abelian, the twist around the remaining puncture can now be nontrivial (it is equal to the group commutator (γ 2 ) −1 (γ 1 ) −1 γ 2 γ 1 ). In short, just because the product of the three twists on the 3-punctured sphere is trivial does not mean that the twist around the puncture on a 1-punctured torus has to be trivial. Sewing together 3-punctured spheres does not capture the twist information you need to construct higher-genus surfaces -essentially because there's no Mayer-Vietoris for homotopy.
Because of this difficulty, we will not attempt to study the full S 3 -twisted D 4 theory in this paper (see, however, [8, 15] for some preliminary work in this direction). Instead, we will focus on abelian subgroups of twists. In [11] , we studied the Z 2 ⊂ S 3 twists of the D 4 theory. Here we will study the Z 3 ⊂ S 3 twists.
As this subgroup of twists is abelian, they are classified by H 1 (C, Z 3 ). Denoting the generator of Z 3 by ω (we'll use a multiplicative notation for Z 3 ), the twisted 3-punctured spheres will (up to permutations of the punctures or replacing ω ↔ ω 2 ) come in two types:
A twisted cylinder connects a puncture of type ω with a puncture of type ω 2 . Recall that one of the complications of the Z 2 -twisted D N theories (for N even) was that the Z 2 outer automorphism acted nontrivially on the set of nilpotent orbits of the untwisted theory. In particular [11] the two nilpotent orbits (which we denoted in red and blue) corresponding to a very-even partition are exchanged by the Z 2 action. This led to an additional ramification of the moduli space of the gauge theory: dragging a very-even puncture around a twisted puncture changed it from red to blue (and vice versa).
The same is true for the Z 3 twist, except that there is a triple of punctures (which we denote by red, blue and green) which are cyclically permuted by dragging them around a twisted puncture 1 .
k-differentials
Just as the k-differentials φ 4 andφ 4 provide an eigenbasis of 4-differentials for the action of Z green 2
, there is a corresponding eigenbasis of 4-differentials for the action of the two nontrivial elements of Z 3 , ω and ω 2 . We denote this basis of k-differentials by {φ 2 , φ 1 The particular Z 2 outer automorphism of D 4 that we studied in [11] was the one that preserved the vector representation while exchanging the two spinor representations. We might call this Z 2 ⊂ S 3 , "Z 
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The ω 2 -twisted punctures are the same, but with p
Fixtures
In the following, we denote twisted punctures by their Bala-Carter labels and untwisted punctures by the corresponding partitions. Punctures in the ω-twisted sector are in lightgrey; punctures in the ω 2 -twisted sector are in dark-grey. We use as a stand-in for the triple of untwisted punctures and as a stand-in for the triple which are permuted by the Z 3 action.
3.3. Free-field fixtures
None.
Interacting Fixtures
3.4.1. (1, ω, ω 2 )-Twisted Sector 4 # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 1 0 0 (0, 0, 6, 4) (112, 86) Spin(8) 12 × (G 2 ) 2 8 2 0 A 1 (0, 0, 5, 4) (102, 79) Spin(8) 12 × (G 2 ) 8 × SU (2) 14 3 A 1 A 1 (0, 0, 4, 4) (92, 72) Spin(8) 12 × SU (2) 2 14 4 0 0 (0, 0, 6, 3) (96, 75) SU (2) 3 8 × (G 2 ) 2 8 5 0 A 1 (0, 0, 5, 3) (86, 68) SU (2) 3 8 × (G 2 ) 8 × SU (2) 14 6 A 1 A 1 (0, 0, 4, 3) (76, 61) SU (2) 3 8 × SU (2) 2 14 # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 7 0 0 (0, 0, 5, 3) (88, 68) Sp(2) 8 × (G 2 ) 2 8 8 0 A 1 (0, 0, 4, 3) (78, 61) Sp(2) 8 × (G 2 ) 8 × SU (2) 14 9 A 1 A 1 (0, 0, 3, 3) (68, 54) Sp(2) 8 × SU (2) 2 14 10 0 0 (0, 1, 4, 2) (72, 55) (G 2 ) 2 8 × U (1) 2 11 A 1 A 1 (0, 1, 3, 2) (62, 48) (G 2 ) 8 × SU (2) 14 × U (1) 2 12 A 1 A 1 (0, 1, 2, 2) (52, 41) SU (2) 2 14 × U (1) 2 6 # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 12 0 0 (0, 0, 4, 3) (79, 61) SU (2) 7 × (G 2 ) 2 8 13 0 A 1 (0, 0, 3, 3) (69, 54) SU (2) 7 × (G 2 ) 8 × SU (2) 14 14 A 1 A 1 (0, 0, 2, 3) (59, 47) SU (2) 7 × SU (2) 2 14 15 0 0 (0, 0, 3, 1) (48, 32) SU (2) 8 × (G 2 ) 2 8 16 0 A 1 (0, 0, 2, 1) (38, 25) SU (2) 8 × (G 2 ) 8 × SU (2) 14 17 A 1 A 1 (0, 0, 1, 1) (28, 18) SU (2) 8 × Sp(2) 14 # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 18 0 0 (0, 0, 2, 1) (40, 25) (G 2 ) 2 8 19 0 A 1 (0, 0, 1, 1) (30, 18) (G 2 ) 8 × SU (2) 14 20 A 1 A 1 (0, 0, 0, 1) (20, 11) SU (4) 14 3.4.2. (ω, ω, ω)-Twisted Sector # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 1 0 0 0 (0, 0, 7, 4) (112, 93) (G 2 ) 3 8 2 0 0 A 1 (0, 0, 6, 4) (102, 86) (G 2 ) 2 8 × SU (2) 14 8 # Fixture (d 2 , d 3 , d 4 , d 6 ) (n h , n v ) G global 3 0 A 1 A 1 (0, 0, 5, 4) (92, 79) (G 2 ) 8 × SU (2) 2 14 4 A 1 A 1 A 1 (0, 0, 4, 4) (82, 72) SU (2) 3 14
Gauge Theory Fixtures
The punctures G 2 , G 2 (a 1 ), andÃ 1 are atypical punctures, in the sense that they contribute d 2 > 1 to the Coulomb branch dimension (they contribute d 2 = 2, 3, 2 respectively). As such, they ought to be "resolved" as the nonsingular OPE of two (or, in the case of G 2 (a 1 ), three) punctures.
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We can partially resolve G 2 (a 1 ), while staying within the sector of commuting twists: G 2 (a 1 ) is the nonsingular OPE of G 2 with the simple puncture, [5, 3] , from the untwisted sector.
However, resolving G 2 requires leaving the tractable subset of commuting twists. G 2 is the OPE of two simple punctures from non-commuting Z 2 twisted sectors
This poses a conundrum. If we want to explore the full structure of the space of theories which include these punctures, we need to consider the full nonabelian S 3 group of twists. If we don't, we are stuck with including the unresolved gauge theory fixtures. With the exception of §8, we will restrict ourselves to commuting twists and hence will leave these atypical punctures unresolved.
There are 50 gauge theory fixtures, and one more with with an irregular puncture 2 For more details, see [10] .
Of the 50 with three regular punctures, those with enhanced global symmetry are 
×SU ( 
Global symmetries and the superconformal index
As we did for the Z 2 twisted sector of the D 4 theory in [11] , to determine the number of free hypermultiplets in each fixture and the global symmetry of each SCFT, we use the HallLittlewood limit of the superconformal index [6, [16] [17] [18] [19] . When C is a sphere, this limit of the index can be identified with the Hilbert series of the Coulomb branch of the 3d mirror of the (2, 0) theory compactified on C × S 1 [20, 21] . The 3d mirror of a D 4 fixture is obtained by assigning the 3d N = 4 SCFT T ρ [g ∨ ] to each puncture of type ρ (where for ρ of type 1, ω (or ω 2 ), g ∨ = so(8), g 2 , respectively), and gauging the diagonal G ∨ flavor symmetry. The expression for the Coulomb branch Hilbert series is then easily obtained following [22, 23] . The result for a fixture in each twisted sector is
In this case, the superconformal index is given by
(ω, ω, ω) twisted sector
where (a 1 , a 2 ) are the Dynkin labels of a finite-dimensional irreducible representation of G 2 and P λ G is a Hall-Littlewood polynomial of type G. 3 Here, Λ(a, τ ) denotes the fugacities associated to a puncture of type Λ, while Λ( [7, 1] , τ ) deonotes the fugacities associated to the trivial puncture.
An explicit expression for the Hall-Littlewood polynomials of type SO(8) can be found in section 2.6 of [11] . The Hall-Littlewood polynomials of type G 2 are defined by
Letting {e i } denote the standard orthonormal basis of R 3 , R + = {α 1 e 1 + α 2 e 2 + α 3 e 3 } is the set of positive roots 4 , λ = λ 1 e 1 + λ 2 e 2 + λ 3 e 3 with
where (a 1 , a 2 ) are the Dynkin labels, and x i ≡ e e i . The Weyl group of G 2 is the dihedral group of order 12, which has presentation where (σ) is the length of the Weyl group element σ. For (a 1 , a 2 ) = (0, 0), a 1 ) (τ ) = 1 + τ 2 , and for (a 1 , a 2 ), W (a 1 ,a 2 ) (τ ) = 1.
A new rank-1 SCFT
We find a new rank-1 SCFT by compactifying the D 4 theory on
The resulting theory has an SU (4) 14 global symmetry, and trace-anomaly coefficients (n h , n v ) = (20, 11) . The Coulomb branch is parametrized by a single complex scalar, with ∆(u) = 6. It is a little surprising that the Seiberg-Witten curve, Σ ⊂ T * C,
is reducible, even though the SCFT is not a product (of two SCFTs, or of an SCFT with free hypermultiplets). But this is not unprecedented. For instance, in the untwisted D 4 theory,
is a realization of the (E 8 ) 12 SCFT (which has (n h , n v ) = (40, 11)). Its Seiberg-Witten curve is also given by (5.2),(5.3). However, the set of mass deformations (which transform as the Cartan of the global symmetry of the fixture 5 ) is different. The mass-deformed curve corresponding to (5.4) is
where
It is useful to take the linear combinations defined in (2.1):
which (likeφ(z)) has at worst a simple pole at the simple puncture (here, located at z 3 ), and φ 6 (z) = φ 6 − 1 6 φ 2 φ 4 . The latter, after mass-deforming, has a sextic pole at the untwisted full puncture but only a quintic pole at the twisted A 1 puncture.
In summary, mass-deforming the A 1 puncture in (5.1) allows φ 2 (z) to have a double pole at the puncture, but does not change the pole orders of φ
or φ 6 . Hence, the mass-deformed SW curve for the SU (4) 14 SCFT has .3), and φ 4 (z) =φ(z) = 0. That is, its mass deformations comprise a subspace of the space of mass deformations of (5.4). On the basis of the Coulomb branch geometry alone, one would be hard-pressed to distinguish between the two theories. Nonetheless, they are obviously distinct. The Higgs branch of the (E 8 ) 12 SCFT is 29-dimensional, whereas the Higgs branch of this new one is 9-dimensional. [25, 26] attempted to initiate a program of classifying rank-1 N = 2 SCFTs, based on their Coulomb branch geometry. As this example shows, such a classification may be incomplete.
The superconformal index of the SU (4) 14 SCFT is given by
The order τ 2 expansion is given by
14 is enhanced to SU (4) 14 . We can study the Hall-Littlewood chiral ring [7] of this theory by taking the plethystic log of (5.6). This gives
From the above expression, the Hall-Littlewood chiral ring is generated by operators in the 15 of SU (4) at order 2, two sets of operators in the 20 at order 3, and operators in the 50 at order 4. These operators are subject to two relations at order 5, both transforming in the 20 of SU (4). There are also higher-order relations, which can be extracted from the higher-order terms in (5.7).
The T G 2 SCFT
In the untwisted compactifications of the (2, 0) theories of type J, a prominent role is played by the "T J theory", realized as the 3-punctured sphere with 3 full punctures. This theory has a (J)
global symmetry (κ J is the dual Coxeter number) and is, in a certain sense, the generic fixture. In particular, the theory associated to a genus-g ≥ 2 Riemann surface, C, without punctures, is a (J) 3g−3 gauging of (2g − 2) copies of the T J theory. Different pants-decompositions of C correspond to different S-duality frames of the gauge theory. The basic "move," connecting the multitude of pants-decompositions, involves the three pantsdecompositions of the 4-punctured sphere.
In the Z 2 -twisted theories, the same is true, but we need to also consider 4-punctured spheres with 2 or 4 full punctures from the Z 2 -twisted sector. Concomitantly, we encounter the fixture with 2 full punctures from the twisted sector and 1 full puncture from the untwisted sector:
The basic duality (which allows one to pass between S-duality frames corresponding to different pants-decompositions of C) is
(and a similar one, on the sphere with 4 twisted punctures, involving a J-gauging of two copies of (6.1)).
In and similarly for a 4 punctured sphere with one untwisted puncture and three twisted punctures from the same twisted sector. The latter relate different G 2 gaugings of a product of the (G 2 ) The gauge theory moduli space is the fundamental domain for P SL(2, Z) in the UHP, and τ is the modular parameter of the torus. As discussed in section 4.3 of [11] , the case of (7.1b) is realized in the Z 2 -twisted D 4 theory. The S-dual theory is an Sp(3) gauging of the Sp(6) 8 SCFT.
What about (7.1c)? That gauging can be realized in the Z 3 -twisted D 4 theory, considered here. We have
2 and the action of P SL(2, Z) consists of two orbits: the zero-orbit (corresponding to the untwisted theory) and the nonzero-orbit. The gauge theory moduli space is the fundamental domain for the index-8 subgroup, Γ 1 (3) ⊂ P SL(2, Z), which is the moduli space of pairs, (C, γ), where γ is a nonzero element of H 1 (T 2 − p, Z 3 ). The S-dual description 6 is a G 2 gauging of the (G 2 ) 2 8 SCFT (interacting fixture 18).
Resolving the atypical punctures
As we have emphasized above, resolving the atypical punctures (G 2 , G 2 (a 1 ) andÃ 1 ), from the Z 2 twisted sector, requires stepping out of the world of commuting twists. Generically, this leads to a mess which resists any simple "tinkertoy"-like classification. But, occasionally, one is lucky and can carry out a reasonable analysis, despite the non-commuting nature of the twists. In this section, we will give one example where such an analysis can be done. Consider the 4-punctured sphere
These conditions more-or-less pin down the desired expression. Normalizing j(τ 1 )j(τ 2 )j(τ 3 ) = 1 at the point D 13 ∩ D 24 ∩ D 136 (and points related to it by the action of the dihedral group generated by (8.6)), we obtain j(τ 1 )j(τ 2 )j(τ 3 ) = 1 531441 x Determining the constant s requires some knowledge of locations the zeroes of the j(τ i ), which is beyond our current abilities.
